A CURIDEITY IN TEE PROOGE OF GDDELR THEOREM

Dawid Mofoveran

ABETRACT: Since the publication of Soedel’s famous paper jin 1%3) entitled
*om Pormally Undecidabie Propositions of pringlpla Mathemabisa and Related
Syebema 1", the propopal that classical mathematlca be formtlated ae a
fornal sxiomatic theory, and that the theory xheuld be proved to be £rea of
coanpysdiction, hae neb bDeen the subilert of sny seripus snd oopcerited effert
within the mathemstical snd philospphics]l sompunities, The originsl prock
of Guadal’es theorem la te-examined. Certain assumptione concerning the
independence of instantiations in the proof of Goedel'a Incompleteness
Theoren will be shown to lead to the corisur conelupion that the asctual

inntantiations choeen by Lipedsl are contradlotory

J. INERGDBUCTIOR
Pormeliam or Formal axiomstice Buffersed & Bevers blow with the

pubiication of "On Pormally lUndecidable Propogitiona of Principia

L8 and Relsted Systems I® [2]1014]1161. The achievemente in this

landmark paper woere nunerous, £rom the development of a method For encofing
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the syster of Priscipia Kathesstica in arithmetic {slemenksary number
theory! to demsnibtrations that forty-five noumber-theorailie predicatern ars
primitive recureive, ¥he ey theorew of the paper (Thecztm VI) was o
wegome famsus and the conatrsation ¢f the proof, snpigqoe and gnusual though
it was, to be Jdeemed flawloss.

tabted #imply, the Lheoren shows that Aany systen ¢apable of
representisg elementary numbar thaory wonld necessarily Inclade undecidable
propegitions and thus, Jdemonptrated that classical mathematics could not bLe
provaed to be Qunzistent-~i.g.; [ree from conbkradictlon., This result ended
the seazch for a proef that clagsical methematlcs tonld be completely
axicpatized in 2 copmistent formal gygtem {41, Since ihat tims, numerouns
derlvation of the result and its extensiong have been published [1113117]
19i 11038333,

e will point sut the tvoe lineg of the prosf which are not dizectly
derived by somc rule of the system from a previous line. Thege lines
involve Ehe shoice 6§ an inatanoe of a4 free variakbis., It iw zssamed by the
procf that these cholces are free: iF the univereal is true then ssrisinly
any insbtance le fzue, By exploring the effent of different cholces for the
instance of the fres variabla, we will exsmpine four possible oheices which
genstitute the caees witheut aigrificantly eltering Goedsl’s constyaction.

in the sections which #ollow, we will exanine Geedel's proof »ni
Theorem VI in iite original form {Section 4! wlth the sxceptics that all
debaiis of the proof aAre iaid bare. Thle consbitites Ccase sne: the iwo
iastanves of a universal ohesen by Goedel sre the Inptaneces chosen for thie
case. The Fextra® lLines 4f the proof are noted In the text with an
asteriek next to the line aumber. Case Two ie a reformulstion of the

proof with & eimpls change in netation {Section 3.1) which serves to treat



the tws inatantes of the universal ar 8 zimgle symbol (Q'), thus elarifying
thelir relationship,. Tn Cape Thres, bthe 0Oosedn varlable iy WESATER, This
perves to demonatrate thed the reformslation is sorsistent with a chanae of
variabies {Se¢tion 2.2}, The vesulbe of Soedel's formmliatlicon #re phown o
ce shtainable in the reforpulation through & INCONSIETENT cholrce of
YARIABLEE Im the groci's two assumphions iCase Pourl, thus desongbraking
that the saegmpbions &# orlglnaily formulsted ars logically incensiatent
(Beotion 3.3 through the isopoerpbisn satablisehed by Goedel.

The four formuelsticng {57 ¢apen) given in this pader will use &
conpsigtant enumeradtlon of the Key expreegions uged itn ke prool For eawe of
comparison bebweer gactions snd with the refosence Irom whieh the proof was
draen [5], We will aleo use the sotation invented by Goecdel, several
polinte goncerning which will aid the rgaeder:

(1} words in UBFRERCABE pefer to aumber ihmoretic siatoments;

{2} Sb denoctes the BIBRSTITUTION in the formula whick folliews ¢f the
suhgeripted sypmbol in flece of the supeyiysripbed symbols

{3} Neg denocies WEGATILN an Soes & bary

{4} Gsn denches GENERALIZATION)

(%) x 8 ¥ danotes x ix a prouf sequence &5 yi

(£ Bew denotea “*it is provable that™; and

£TY 2ix} denotesd the WUMERAY. for the fosrmula x.

B ouore precise 2ad oompleie unéerstanding of the notation may ba
obtained by reading Geedel [5]. In summary, we wlli Zrgue thst these
demonetrations arg irnexplleabie in the light of the validiiy of Goedsl's

proof,

2, GREDEL'R PRDCGE

Goedells proof of Theorem ¥i dependa spsn the rasvlig proven ¢arlierx
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in the paper. For the sake of Drevity, wewill omit the detailed

gepenutrations arnd sinpiyvy state $he resnlie, sceepting the proofs given by

Goedel, aince these deftails do rot bear on the topic of thisz paper. To be

explicity Seedel lerds up to Theorem VI by giving

{1}

{2}

{3)

{4}

(3}

{§]

% precige depcription of the pystem P whoss axleme are thoss of
FIANGIRiE Mathemabica with the adjunction of the Peanc awioms,

an asgignment of natursl apumbers Lo pegquenceg of slgng and DeqQuenses
of geguences of gigqne of ¥ {ecstablishisng au fzomarphism bebtween a
subizet of the natucal numbers and the formules =of ¥,

& Sefinition of primitive recursive functions and four theotems about
them,

the procf that forty-Five auwmber-theoretie predicstes are primitive
secursive,

the procf ¢of Theoren ¥--i.e,, that every primitive recursive number-
theozstic predicate is numsreiwise representabls in P, and

the definitier of w-consigtency.

Cogdel then comes o thz goal of ike discusglonsg: Theorenm V1 and its pronfd.

With Ehe ewcepbion of Thegren V, Goudel usen ithe resulie preseanted in

the paper s¥ectly ae formnlated, Beoaysce the sxact formalation of Theoram

Ywilii bave g besring on our discusdion ¢f the proel of Zhecrem VI, we

gepest it hers, though not the pemainder »f the diecuselons leadisng up to

Yheoren Y1,

TEEGREM ¥, For eévery redurfive Telsation R ;w2 ) there exiats an
1

Fiad

n-pilace RELATION SIGN r fwith the FREE VARTABLES 3 ¥ g reeey M T RUSR

)

that for a}l n~tupies of numbere fx“.qx i we have
o
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7.3 CABE ONE
The general reaylt sbout the sxistance of andecidable propopitions

£cllows now In the formulation as glven by Goedel, This will be refsrred

g in the :émainﬁar of the paper asx Cass Ond,

YHEOREY® ¥1. For every w—topelegtent reonrelve clasy Kk of FOEMULAS thexs are
recursive CLAES BIGNE ¢ such that neither v @en r nor Heglv Gen 1}
bejong o Plgik} {wheie % iE the PREE VARIARLE of 1),

PRODE {Came Onelt Let X he any recuréivs w—congistent ¢lags of
FORMOLAS, We Jdefine

Bwkix} = (niln £ 1{x) =& 3xin Gl %} ¥ (n B} %} ¢« K V

iEp,qlill £ pog < n & Flin Gl x,2 8L X,q 61 x3}] & ¥ix) > € {I1.5)
x B oy = Pw {2} & [1(%}] 8L % = ¥ (13,8}
3 K
gﬁwx{X} ~ [EglY Ek x 1311.8,1)

We obviotsly have

ix}{aawk{x3 “ % € Flgik}} {311,7}
and
{x) [Bewiz: — B&wﬁ(x}z (I11.8}



we now define the relation

19
Clx,9 = x B {8Spily iis (11.8.3}
k Z{Y)
i9
Eince x By {by YTI.5) and {(II.e}} and Sbiy ¢ } {by Befinlition 17 and
k (¥}

3)) are recurgive, 30 1s Gix,gi. 'Therefore, by Fhegrem vV and {II1.B)

t;ere ie & HELATION FIGN g {with tbhe FREE VERRIARBLEE 17 and 1% such
tnat

1 i7?7 1§
¥ B IBbiy }i =% Bow [Bbig 3. (11,9}
k iyl k BixiEty)
and
1% i7 19
x B [8biy  } ~» Rew [Neg{shig 1il. {I1,10)
k iy} 4 E{x3%{y)
e put
g = 1! Gep g {11,11)

(p i & CLASS SI6% with the FREE VARIABLE 19) and

1%
r = 3biyg 3 (17,12}
“ip}

ixr i & recurpive CTLAAR S1CGK with the PREL VARIARLE 17).

Then wo have

1% b3 15
ghirp T o= Bb{{1V Sen gl 1 = )7 fan 2bi{g = 37 Gen 1
%ip} 2ip} 7i{z)
111,13}
foy {IT.1L7 amd (T1.32%}; furthermore



17 1% 17
fhig ¥ » Sbir } {IX. 14
2i%)T{p} g%}

{by {13i.12}). %e now substitebe p for % in {(IZ,%) and {11,148}

oy kITY. 14.1)
19 17 1%
x B iphip 11 -~ Baw {Sbhig 3, ALTT 4.2}
k Z{p} k 2ix3zip) :
1% 17 19
x B iship 11 - Bow [Hsucdbilq 31] *(I1.14,3%
k iip} k L{AITip}

#nd take £33,313) and {31.14) indts adcount to oshtais

11
x B il7 Gen r} % Bew |8bi: ¥l (11,315
¥ k Zix}
- 17
¥ B {17 Gen £} - Hew {Reg(Shirx i¥l. {I7.16}
% k 2{x}

Friow the contradictions ¢f {I1.15) and (I7.16} the w-inconsistency of
the syetem F is zeadily argued by inveking the law of the gx¢luded middle,
T E ST

h fow comments on the netyze of the prool of Theorem VI are in order,
¥ote that the preof involves the cholce of rtwe appusptions: first,
(1¥.8.11 defines 2 relation Qix,y) with varisbiss » and vy asseumed fres;
geoond, {(35,11) and {¥t.14.1) assume that the particular substitutlon of p
for ¥ is not ineonsistent with {1X.3.1). An inveebigation of these
asgurptions will cocupy ihe remaining sspctiong of this paper sm Cassz TwO

throwgh wour,



3, REPOEMELATION
En examinatlon of the relation Q{x.,7 48 defined in (II.B.I! reveais

thaee it ie bhe negation of & recureive relation which we defing as

15
Kinyy} = % 8 isbiy $is bITZ.4.1}
k iy}
igarlys
Qix,%) = R{x,v}. (T13.4.2]

purthermore, it im vlear from Thesren V, the sxpression (II.%), and the
expresgion (11,148} that the RELATION SIGN ¢ sAnscmes
19

Hﬁﬁi[ﬁbi,‘f 11
%1y}

3.1 CASE Wi

In this section we will follow the vroof gonastruction of Thegrem VI
iCage Onel with Bix,y) in siace of Gix,¥) and therefore ¢' {of as yob
gnienwn *oletionahip ta g) in piace of . As we Bhi)ll gee in thiz gection
and the snext, opr reformulistion Ieads to consisient repslits., We proceed
with the congtructisn From {IL.B.1), &5 thig 18 the first nctational change
to bBa entountsrad,

CORSTRUCTION {Caze Twiol: Lotk k be any recprsive weconsistant

¢laes of PORMULRE. We Zdefise (III.E} through {iI1,B) precively a»
#1T.5% through {11.9), respectively. %We now Jdegfine the reiation

1%
Z{%,¥} = % B i8bily ii. fri1.8.1}
K 2y}

ig
Sinte x B y iby (III.5)} and {IIY.8)] and %h{yﬁ{ }j iby Definition
k Y

17 and 331} are retursive, #6 16 Rix,¥}. Therefore, by Theorem V and



{IIL,68; thers i a RELATION SI¢R o¥ fwith the FREE VARIABLES 17 and
19} such Lhat

1% 17 19
x B [8biy 1] = Bew [Sb{g' 1]. (1119}
k Byl L} AL IRALS
and
13 37 1%
x 8 i8biy il ~» Bew |[Negi(Bhly’ 1. (I71.16;
K 2(¥) X “ix)aiy)
We pukb
v = 17 Gen gt 335 PRl

ip ie a CLASS 81cH wilh the FREE VARIAHLE 1§} and

iy
X = Eb{q’ﬂr ‘} (II1.12}
1B/

{r ip a retursive CLASS S1GN with «he FREF VARIABLE 17).

Then we have

i3 1% 1%
Hhip = BBi{17 Son gb} } = 17 Gen ghig® o= 37 Gan vy

iR Zi{pi Z2igd

(111.13)

(by (2I7.11} and {I)1,12))» Furthermors

1719 Bk
sbhig’ b= BRix {313.14}

% {x)Z(p) % ix)

fhy {IT31,12)). We now pubstitute p for v in {¥13.9) and {133,310

B e Y. *IvTy.i4.1
1% 17 i3
x B |{8:ip 131 —> Baw [Ebi{g . *{TTTL14.2)
k 2ip) X wix)Z{p)
i3 17 18
X B [{&bip 11 =% Rew (Nsg{8hig 1339 £4015,14.0)
K Zi{p} X Zix1g4ip}



and take (I¥3,13) and {3¥1.14) inte accounrt o ebhain

17
B2 {17 Gen rl — Bew I8blr 3 {IT1.315%)
3 K A8 &
1T
2 8 {17 Ger ri -9 Bew iNeg(Ehiy i) (III.16}
X K Z{=}

Cowiouely, this teformulation does not prove Theorem VI, Nots that
thig constrection 1s essentieliy that oeed by Goedel with one exzeptlon.
Linss I11,9 snd 133,10 folliow Theoren V exattly and 8¢ not embed & RNeGATION
mn Aid rhe congtrueciion Goedel waed (II.%3Y and {(IIif}). Iit 48 ocwriowns
that eomething 38 edmple a3 Following the de%ailc of Theorsn V wouid undo
the famous resolt of the bseiec proof schewa, Furthermors, this
reformul gbien and the yepults ({1iI,l%) and {11L1,1€)} aze cpvisusly

anchanged when ¢f ia replaced by g.

i9



3.2 CABE PHEEE

Although mads b bBit more complicated; the reformnlation and ths
reeulite of Hection 3] remain enchangsd when §' I8 replaced with Neg g as
faollowe,

CONBTRECTION (Case Thrseel: Lat k he any recureive w-ponsistent

clagss of PURRULAS., ¥o deiine (IV.5) throogh (TV.RY precisely ag
13X.5) tnrough (IL.2}, respectively. We now define the relabisn

15
Riz.y} = x B {Epiy Sie (19, 8.1}
k. z2iy)
1%
Bince % Ek? fhy (IV.EY epd (IV.£3}: and Ehiy , ) by pefinition 17 and
g i¥]

A1} ere rpcurslive, g0 in Eix,v)., Thurafere, by Theorem ¥ and (iV.8}
there i# & RELATION HIGN o' {with bthe PREF VARIABLES 17 &ng 15) suoh
that qf=¥eg q apd

1% 17 16
£ 8 [8b(y 11— Bew (BbiMegig 1i. {1¥.8.2)
x %i¥} k FiRIZLV)
and
1% 17 is
x B [gbly 31 -3 Hew [Neg{BhiNugiag P3)s {1%.8.3}
X, Z{v} k E02}2{y]

Witk =ome winor rearrangemeni, these expressions vield the Goedel
gxpressions (13,93 and (11.19}:

1% 17 3a
X B (6bly i1 ~» Pew I8hig Tt {1V. 4§}
3 2{vi k X1 iy
and
is 17 18 .
» B I8b(y 1] =~ Bew i{Neglihig 3 N $IV.L 0]
K 26§ 4 Zixigiy)

ii



Bote that (Iv.8.2) leads te (I¥v.190) and (Iv,.8.%} leads fo {IV.B}.

We put

g o= 17 denfg) = 37 Gen {Neq q) (IV.11}

fo ie & OLASE £106N with the PREZ VARIABLE 15) and
i3 i3

T = Ebigs I o= fn{Negig 3 {IY.12;
7 ip! zip}

(v ia a redurdive CLABE SIGHN with the FPREE VARIABLE 17,

fhen we have

1% 13 1%
ghip I= Bpill? GeniNegy gl i= 1T Geni{Shilegig piie 1Y Gen ¥
Zip} Zip} 2ip:
{Iv. 13
iy (TV.LLY and (I¥.12)07 farthermars
17 1% 17
Bh{Neg g Pom Bbilr ¥ tiv.i4}
Tix)zip) $ix]

thy {IV.IZF1. We now gubgtizute $ for v o {1V.%) and {1V, 10}

oow oy *®irvy 15,11
13 17 1%
* B [ab(p )1 —» Bew [Bbi{Neg q )] b (1v,14,2)
k 2ix) k Tix}z(p)
ig 17 1%
x B i#bip 3]« Bew iXNggi{SbiXeg g i #{1V. 14,28
4 Zix} ¥ Fixizip)

and dake (IV.13] =nd {1v14) into acosunt o abbtain, after some
TEarranging,

7
¥ R [17 Gen rl —* Bow [8unlr 11, {IV.15%
k 3 i}

iz



" 17
x B {17 Gen r] —» Bew [Henw{&h{r 1], (1%, 18}
k K %{x]

Tk is easy bto a#e that the asbgiitition of Ned g for ' yislde {IV.%} and
{T9.10) eopivalent to (I5.9) and (I5.l0} in Geoedellm prof. ¥Nete that, up
o {IV.18}, this construvotion i Ziffsrent from that due €5 (oudel only in
the cholee oF the reguvsive relstion to be gsed, Revertheless, we have
yepuvered the expresalona glven by Gosdsg] throsch a saltable cheoice of of,
demonsbratlng that we Can counter the differences in the Conptructlon. 1n
parties)ar, note that the relationshly between Qix,y) and Rix,y) is
precsisaly that bebween ¢ and Hed g "Whus we have shown that the v of
Guadel's recursive relation Qlx,y! neosgsibstes Neo g if one ip to obtaln
{59 and {1,103, Even 88, ve heve not ap yet folly recoversd Goedel's
reauil, But have ghown our construction to be a valid one even with a

gongiatent change of definition for the RELATION BIGN as would be expected,

3.3 CARE plun

¥e now procesd Lo demenstrate how L6 obialn the resulis of Secticn 2.4
{Gosdal's proof of Theorem Vi) aslng the reformulsation civern in fevtion 3.2,
Onte sgain we will sanipulabte the two instantiztiens of the proof-~pamely,
the cthoice of O(x,y) and p.

CUNTERULTION {Care Pouri: Lebt X be eny regurelvees w-consmistant

eluss of PORMULAR, ¥e Jefine {Vv.3) through (V.8) prediseiy e {IL3}

through {IL.6), respestively, We now defins the relation

is
Rix,y} = x B [Shiy il {V 8. 1]
k Z{y)
19
gines x B ¥ (by V.5 and (V.6)) and Ebiy , J (by Pefinition 17 and
X 2 L¥)

are roversive, £6 i8 Rix,yi. ‘therefore, by Fhsorem V and (V.8 there

A3



i & HELATION Bi4% ' (with the FREE YARIARLER 17 and 19} sueh that
YeNpo and followling the zesules of Bection 3,2 {{2V.E.2) and
P I¥,0.3)) we obhtein z2 kefore

13 17 1%
% 8 Isk{y 11 -+ Bew (8big il. (V.53
E Z(y) 3 Lix)Eiy:
apd
is 18
¥ & i8b{y 1} ~» Bew [Neg(Bbig I3 (V.10
¥ % ly: 3 gixiziy)

In eocptrast to the choiee of EBeotion 3.3, we now bul

= 17 Gen o {9,11)

{p i3 a CLASH BIGH with the FREE YERIAPLE 1%} and
19

r = Bbig $ (V. 12}
tip)

¥ 18 & réguipive CLASS SIGR with the FREE VARIAEBLE 17).

Then we have

18 1& ig
Bhip ! = 8b{ 17 Gen g ¥ ow 17 Gen Eblg b= 17 Gen ¢ (V.13
zip} 2{p} Ll

by {9,311} and (V.3iZ1): furthermore
17 1% b

Shin } o= 8hix 3 (V¥.34}
gixt2{p) Tix}

{by I¥.121)Y. ¥We now gubstitate p for ¥ in (V.8} and {V.1§}

po=y #1014, 1}
1% 17 i3
*x B E{Sb(p ¥11 % Bew (5hi(g Y1, * (Y, i4.0)
% Tix} k Zix}Zip}
19 17 i3
3 [(8bip Y11 —> Bew [Meg{Sbig il * (Y, 14.%)
k 5%} k. X %ip

14



and rake (¥v.13] and [¥.14}F into scosunt to osbtain

it

x B 117 Gen x) ~» Bew iSbig Yis £V.15)
k * Fin}
17
* B (17 @en 1)} =+ Bew (HegisSbhix 11, £, 16)
5 3 %ix}
L2 3 & £ 4

Note thet we obiain (V.8} @nd (V.14} by introducing Ris,v in place of
Dix,%) and thet thig forcss the use of Ney ¢ expligitiy  With the single
exception of thig cholce in the aethod of eonsiracting {9,381 and {v.14),
the consttuction is fhat of doedel's original proof of Theorem V., Thuy we
argue thsat in the original comnstruction oFf (1,9} and {110}, ¥ necespitatesn
Keg u, bub thait this faet ie hidden by the definltien of Qix,y} resulting
i an unacknowledged negation, The exiatente of this acgation ig made
obvicus whan {V.8} and (V.18 are derived ae In the above,

Aithough the proof proceeds ap in Soedel's ¢onstruction, note fhat
shiz construction Bgsumes that it 18 g (instesd of Reg 4y that iz
necesgltabed by p (¥.1L1 arnd thos by v glee {9.14.1). In this way we ses
thist the details of the proof asgums both g and Neq g necessitated by ¥
This is an instance of the ¢lansle defialvion ¢f a5 enbedded 2ontradiction
in a prasf sshema,

Bvern if the REGATION of g and ¢ are not asld o e contradictory, Ehe
prenlen of explaining this eituation does nok go away, I partlieslar, &
Goedel's ¢onstructicon ie correct and Lif {ape Four ia glze 4 walid
reforruiation of Goedal's Proof R) werrees, thean sither {ix,y] along
with ¢ as Geedel has used it, o Rix,y) 2iong with Beg g and § may be uaod

in congtrusting the prosl. {age Four eould b rewritiben spoeh thak the

15



enpice of Bix,yl iy expileit, bui the chole¢ oFf Neg 4 ig implicit., %han
the cniy viesible differences in the refgimulatione [Case Gne and Jase Four)
wald be tha use of Rix,¥) ir piace of {ix,y] of the proof. Bui thia can
ot be, for Rix.¥] contyadiets {ix,y! as giwven, Thus the lathcrphism
astallisked in Theorenm V faiis, gince contradictory recursive relations
produce the pame resuibs, Glven thie embedded contradlictlon, it lg
purprising that Goudel shouid be abls o genegare an acceptable proef of

the w-inconalgtancy of the systam B,

4+ EFUHEARY

Goedel's theoren ig based an [(2) an izomorphiss betwesn the proofs and
senbenves of PM+Feans and a eet of number-thecretic propesitionds in! the
prootf of cartaln relatione batween #ome number~theoratic propasitionsy ()
usipg the isomorphiza {mentioned in {a)) to transfors these Inite a
statemsnt abosut the inoospatibility of varicas aspumptions iwwconsistency
and decidabllity} ian ¥

Be have shown the: adfitionzl assumptions zre involved in the proof as
wells independence of instantistions and that cegtain varisbles are free.
gipge the proaf establishes an embedding, the choice of variables iwlthout
a semantich being involived) revolyes around affirmatisn ig=q) and negation
ig'eNeg g, Af there are twe linee in the proof sohema ab which ong must
seieot either ¢ or Heg ¢ for the instantlation, this lzads toe Faur caeess
kwo in whitch the shoices ars the pams iboth bwing sltheér g or Neg gb aad
two in which they are contrary {g and %&g ¢ or Neg g and g}, Soedel's
reault ie obtained oniy in the cases in whigh the two are contrsry. It im

not abvisus as to why this should be the case, if Goedelfs xesult 15 valid,

It mighit e argued that bgesuse (IT.3F and (1116} have beesn

is



domonsbrated true for all positive Lntegers, Bubdest 80 the rootrictioms of
TYPE, abt Lhe number thaerstic isvii, that the guestion of dongistency with
{13.8,1}) eannot bhe posed =2t the nupber<theoretic level, but oniy =2t the
Yogical level, geing the isopsrphlam. But we clain hete thar the guestion
of consig¢tency with {YI,8.)} can be posesd at the nusber-theorztin level,
since (15.B.1} makep ¥ mumber theoretic statemsnt which aggumes & certain
WIPE., Baaed on the disfussion preseated, it 32 clear that the
*restriciions of TYEE"™ hetween ithe gisiements aze inconsistont, lndesad,
they must he if ths fgomorphian s to held slnge the incongistency hag baen
demonetrated For the logical lavel,

Even 1f the proof sere reprodated vurely in bterms of namber-theoretio
statementa, this can have ne bearing on coneisbency or decidability of
EMePeane as numbers do oot Bpeak of puch things. It diw only througbh the
jsomorphlen thet an interprotation fp poeeible. If the Iogleal dstails of
the proof are noebk Faithkfsl, then the interprebation is nok reliable. The
theprem meat say pomething both as & number theoretie argupent and zg 2
iogical asgument at each ptop. The dlgesesion that hae been presented here
Aezla only with the validity of ths logical argument and, therefore, ite
Intsrpyetation.

This investigation is dependent upon applying the laescrphism to soms
of the inverwediate zieps of the proof under the imege. Assumiag that the
issmorphiem is falthful, then $he intermediste eteps nust alec admit of &
meaningful interpretation ander the image, If intermediste atepr of the
proci have no relevante ©o the "logieal® interpreustion — then the
sostlucion of the procf can hsve no Inplications concerning the skruvture
of the image: we can have NO faith in the invarae map ased {n the
Broumenits presented by Goedel at the conclusion of the proof iremacke 1 and
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If e clalmg that the lgomorphlen ZSoes nok appiy to thi statementy in
bhe sxpansion precented — l.g., by ¢laiming that "PREDILATED OR® has no
bearing en thediy walidity, then one muabl alac give wp the derivation of
statenents I1I,13... ¥Farthecmore, it would then bLe nonsensicsl Lo ciaim
thalb the numeral Ebxileg i} in the mame ag Wegi{fh Voan Soedel glains.
Ronpethelegs, it is the Llgomorphism which demenda the walidity of this
portion of the derivation,

It srne clalins that the detally of the proof carn noet be expanded ang
that it ie Improper £0 aBk Whekher or not bhe proof gshema Ie walid -~ ig,,
that Iinee of the proof such as IX.B8.3 be accapted "springing fuli~grown
frowm the head of Zzug® {alizs doedell, then this defeate the very notion of
the provf even as delined by Goedal in .44, We sb&ll then have a nonsense
proof about nonsense,

The choice of ' ag sither § ¢ Feg g ip ©igarly the difference
betwess the refoymulaticons, In particular, why i Gosdel's result so
clearly dspendent upen chooging af asg ¢ in one instance and gf ag Neg g in
the other? It must &t isaBt be zhown how ior perheps why) the alternate
proat schemas £43i1 to be fhe correct ones, Otherwise we are left wlth the
probler of reconsiling tes v&lid prowf schemee which yleid inconsistent
results: Buch a conclusion would veer to iEmply that we have BO valigd proof
genemas nor meanp for duedeing what jda and what is nok valid. Barely, we
ere not LIce %o make cagtxaﬁiﬁtﬁry aspumptions Lo & single syatem a3 hag
heen made the choice "Ney g whare Gogdel chougas “g™.

Either the preof centiste of ¢onsistently interpretable number
thearetle exprzsalions or It does act. If 3t deeb, then the proci sequence
iteelf im ROT 2 valld proof schema ag it containg indompatible ss2uxptions.

If it dase not, then the relevance of the procf noest be resyaivatec,

ig



In sheri, we have demonstrated that the original proof of Goadsl’s
Incompieiness Theorem {1831) containg what appeard Lo be 2 ¢ontradiction in
ite assumptions pnd that the cholice of instantiabicn baeed ok thess
assumptions fo critical Lo the popesss of the proof. Yote that we gya not
objocching here &0 the notion that some cholce of instantiztion for tho freg
variables of Goedel’s provi schema might vield ths famous result, Rather,
we 602K to underatand the validity of the particuler ghodces, sinte we have
demonstrated that thess choldes Can be sxpreseped ag a contradldtion by b

simpie <hanqe of notation,
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